Abstract: We review the passage from the supermembrane to matrix theory via a consistent truncation following a non-commutative deformation in light-cone gauge. Some indications are given that there should exist a generalisation of noncommutativity involving a three-index theta on the membrane, and we discuss some possible ways of investigating the corresponding algebraic structure.
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String theory, or M-theory, which seems a more proper name in the present context, possesses vacuum solutions in which there are no perturbative excitations, and (thus) no strings. Among these is the 11-dimensional Minkowski space (among other solutions to 11-dimensional supergravity), in which the effective low-energy excitations are described by 11-dimensional supergravity. In this background, M-theory allows the existence of certain extended objects, namely the M2-and M5-branes, which can be seen e.g. by considering solutions to the supergravity equations of motion. The M2-brane, or 11-dimensional supermembrane, is electrically charged with respect to the 3-form tensor field of the supergravity theory, and the M5-brane is magnetically charged (in addition there are objects that carry gravitational charges, but these will not be considered here). In the absence of strings, one may ask if membranes may play the rôle of fundamental excitations of M-theory, albeit non-perturbative. Such a speculation is supported by the nature of the corresponding supergravity solution, which has a singularity (the M5-brane is completely smooth, which is typical for a truly solitonic object). It shows a difference, however, compared to fundamental string solutions in 10 dimensions exhibiting naked singularities in the string frame, in that the singularity is surrounded by a horizon, probably indicating the non-perturbative nature of membranes. There does not seem to exist a limit where membrane states are perturbative.
Quantisation of membranes [] has been a challenging problem since their theoretical discovery (for reviews of membranes and matrix theory, see ref. [] ), and there is at this point no complete solution of the problem. It is generally believed that a solution should provide valuable insight into the non-perturbative nature of string theory/M-theory, although presumably not in a background-independent form. Note that since there is no perturbation theory, there is no such distinction as between a first-quantised and a second-quantised theory, and membrane quantisation has to be very different from string quantisation (producing the one-string states used to build a multi-string Fock space).
Most of the progress in this area of M-theory has been made in terms of matrix theory. Matrix theory is in a well-defined way an approximation, or even a consistent truncation, of membrane theory. The first section of this talk will be devoted to a demonstration of the relation between membranes and matrices. In this procedure, non-commutativity plays a crucial (mathematical) rôle. In the subsequent sections, we will discuss the physical relevance of this non-commutativity, and also comment about its generalisations and other instances where non-commutativity plays a rôle in M-theory.
The action of an M2-brane moving in a background which is a solution to the 11-dimensional supergravity equations of motion is [] 
Here, M 3 is the membrane world-volume with coordinates {ξ i , i = 0, 1, 2} and T is the membrane tension, proportional to ℓ −3 P , ℓ P being the 11-dimensional Planck length. The fields g and C occurring in the action are pullbacks to the membrane world-volume of the corresponding background superfields, which means that the superspace coordinates X m , m = 0, . . . , 11 and θ µ , µ = 1, . . . , 32 are dynamical variables for the supermembrane. In the following, we will, for sake of simplicity, exhibit only the bosonic variables, although we will keep in mind that we are working with the supersymmetric membrane, and comment at relevant places on implications of supersymmetry. One crucial aspect of the supermembrane (as of any half-BPS object) is κ-symmetry, implying that the action (.) is invariant under local translations in 16 of the 32 fermionic directions, so the number of physical fermionic variables is 16. On-shell, we thus have 8 fermions and 8 bosons (the transverse fluctuations, the longitudinal ones are killed by diffeomorphisms on M 3 ). We will also in flat 11-dimensional Minkowski space with vanishing C-field. The C-field itself is relevant to another instance of "non-commutativity"; this will be commented upon later.
In general, we should consider all possible topologies (i.e., 2-dimensional topologies at a given time) of the membrane, and keep in mind the possibility of dynamical topology change. However, topology seems to be quite unimportant in membrane theory. Here, we will only give a heuristic argument for this. Consider a membrane consisting of two surfaces connected by a very thin tube. The action for such a configuration will in the limit where the tube becomes infinitesimally thin only differ infinitesimally from the action for the configuration where there are two membranes, meaning that (classical) membranes may grow "spikes", connecting different parts or going towards infinity, at no cost of energy. It also seems to indicate that a configuration with one membrane already contains configurations with two or more membranes. As we will soon see, this property has to do with the existence of flat directions in the potential. It is of course important to check whether this property persists at the quantum level. It has been proved that it does not for a bosonic membrane, due to zero-point fluctuations in directions transverse to the flat directions, so that quantum states of a bosonic membrane are localised. In a supersymmetric situation however, the flat directions persist, due to cancellations of zero-point energies between bosons and fermions. This gives an indication that topology should be irrelevant for supermembranes, and that "first-quantised" supermembrane Hilbert space is large enough to contain an entire multiparticle Fock space. In this respect, membranes behave very differently from strings. Strings have no flat directions-a string stretched between two strings costs energy, and topology change (change in the number of disconnected components) represents interaction. The continuity of the supermembrane spectrum, reflecting its multi-particle nature, was at first taken as a signal that membrane quantisation produced undesired (for a first-quantised theory) physical results [] . For these reasons, and for sake of simplicity, we will consider membranes whose topology is a torus T 2 .
The diffeomorphism constraints for a membrane are
andg its determinant (from here on, i, j, . . . = 1, 2 are tangent indices on the space-sheet).
It is conveniently rewritten in terms of the "Poisson bracket" on the space-sheet,
that the hamiltonian constraint takes the form
We now want to go to a light-cone gauge. This is achieved by aligning world-volume time with a light-like direction in target space, X + = x + + p + τ , while the same component of the momentum is demanded to be constant ⋆ , P + = p + . These gauge choices, together with the constraints, allow for solution of P − and X − , except for the constant mode of the latter (here, and in the following, we set T = 1):
⋆ In this is many other equations, one should insert an auxiliary density on the membrane space-sheet, since the momentum, for example, is a density. On the torus, we can choose it to be a constant. 
an integrability condition that J ≡ {X I , P I } ≈ 0. This is a remaining gauge invariance, the area-preserving diffeomorphisms (APD's) of the membrane space-sheet [,] .
If we expand the fields in momentum eigenfunctions on T 2 labeled by a pair of integers k i , the Poisson bracket between two functions is
This is also the algebra (under [·, ·] P B ) between modes of the generator J of APD's. It is well-known that this algebra in a certain sense is isomorphic to "u(∞)" [] . Namely, a parametrisation of u(N ) generators in terms of "clock and shift matrices" gives the u(N ) commutation relations as
for pairs of integers k, k ′ ranging from 0 to N . Clearly, eq. (.) provides a "regularisation" of eq. (.), in the sense that, for large N , the modes with mode numbers << √ N (low enough to approximate the sine function with a linear function) behave the same way (modulo rescaling) in both, while the number of generators in eq. (.) is finite ⋆ .
It seems therefore physically motivated to regulate the algebra of functions and of the APD's by replacing it by u(N ). Here we want to advocate the view, however, that the best way of reaching that result is by consistent truncation. A consistent truncation of a dynamical system consists of a choice of a subset of modes, whose excitations do not force the excitations of the remaining modes, i.e., setting the remaining modes to zero is consistent with the equations of motion of the system. This is clearly not achieved by approximating † This is the ordinary dynamical Poisson bracket, not to be confused with the structure introduces in eq. (.). ⋆ From the literature, one may get the impression that there is some disagreement on the relation between the algebra of APD's and u(∞) (see e.g. ref. [] ). This confusion can be attributed to observations that if one keeps all generators in eq. (.), i.e., also those beyond the scope of the linear approximation, there is no way to obtain eq. (.) as an N →∞ limit. In a physical interpretation, one has to invoke a kind of low-energy approximation, the correct statement being that, for any fixed k's, the limit of the su(N ) commutators is given by eq. (.). Also, depending on topology, there may be APD's not connected to the identity. With regard to the discussion on topology, we believe it to be physically motivated not to consider these. the algebra as above. The procedure we advocate is instead, as stressed e.g. in ref. [] , a noncommutative deformation of the algebra of functions, followed by a consistent truncation. In that way, one will regain full control over any algebraic property of the theory, like e.g. supersymmetry.
The algebra of functions is deformed with a non-commutativity parameter θ by [ξ 1 = σ, ξ 2 = ̺] = iθ and Weyl ordering, so that
The Fourier modes of definite momentum then commute as
N where q and N are coprime integers, the sine function in the structure constants will have zeroes. The functions e isN σ and e irN ̺ (s, r ∈ Z) commute with all other functions, they are central elements in the algebra. This means that they can be consistently modded out from the algebra of function under the star product, since left and right multiplication coincide on all functions. If the star products by e iN σ and e iN ̺ are identified with the identity operator, one obtains the equivalences
The star-commutator algebra after this "consistent truncation" is identical to eq. (.), u(N ).
To summarise, matrix theory is obtained from membrane theory in two steps, the first one being a non-commutative deformation with {·, ·} → [·, ·] ⋆ , the second one a consistent truncation with [·, ·] ⋆ → [·, ·] N ×N . A less strict and more intuitive way of explaining the need for a deformation in order to enable a consistent truncation would be that the (rational) deformation effectively introduces a discretisation of the torus, in which the APD's act by finite translations, while they in the undeformed case act by infinitesimal ones. In this way the deformed algebra will contain elements that translate all the way around a periodic directions, while this does not happen in the undeformed case, accounting for the impossibility of finding an su(N ) subalgebra of "su(∞)".
Modulo constants, the light-cone hamiltonian for the matrix theory is
where the X's and P 's are N × N matrices, which is proportional to the hamiltonian for the dimensional reduction to D = 1 of D = 10 SYM with gauge group U(N ).
The flat directions of the potential in eq. (.) form the "classical moduli space". This is easily seen by diagonalisation to be R 9 × (R 9(N −1) /P N ), P N being the permutation group of N objects. So, while the diagonal matrices can be seen as parametrising the motion of N "partons", the off-diagonal entries represent interactions. It should be stressed that this multi-particle interpretation of the one-membrane Hilbert space provides an interesting alternative, in terms of ordinary quantum mechanics, to quantum field theory. For the supersymmetric membrane, as mentioned earlier, the existence of the flat directions persists at the quantum level. The full non-linear problem seems very difficult, so far only the form of the asymptotic scattering states (far out in the valleys) has been found exactly, along with loworder series expansions in velocities for interactions [] . Still, index theorems ensure that a unique ground state exists [,] . This is crucial for the connection to M-theory; then the fermionic zero-modes generate the 2 8 physical fields of 11-dimensional supergravity † .
The corresponding procedure with deformation and consistent truncation is applicable in other situations, e.g. when the membrane winds a compactified circle, in which case matrix string theory is produced [,] , or in backgrounds with C-field, which gives rise to a deformation of the SYM theory [] .
In string theory, field theories on D-branes, in the presence of a background 2-form B-field, can be seen as non-commutative. The non-commutativity parameter is directly related to the B-field. One way of deriving this is to consider the mixed Dirichlet/Neumann boundary condition for a string ending on the D-brane as a set of constraints and deriving the corresponding Dirac brackets for the string end-point coordinates. In 11 dimensions, membranes may end on M5-branes in an analogous way, and one would expect a similar mechanism to be at work. The situation is complicated by the limited knowledge of the theory on M5-branes relevant for the situation. A simplistic approach using the membrane action yields a non-commutative loop space with a three-index theta [] . The precise form of the non-commutativity is not known, due to the non-linearity of membrane dynamics. Similar results, with three-index thetas, have been obtained from supergravity solutions [,,] . The precise meaning is so far much more elusive than in string theory.
º ÖÓÑ ÌÛÓ¹ÁÒ Ü ØÓ Ì Ö ¹ÁÒ Ü Both instances of non-commutativity in membrane theory, and their relation to string theory, can be taken as indicating that an algebraic structure should be lifted/generalised to some structure involving three indices. In the case of the previous section, the string theory B-field comes from a C-field in 11 dimensions. In the case of non-commutativity on the membrane, as described in section (), θ is introduces as a mathematical tool, and unless it has a more profound physical meaning (see the following section), one might regards it as specific to light-cone gauge. It is nevertheless tempting to speculate in "covariant" three-index structures involving the entire world-volume, not only the space-sheet.
Some authors have argued that a formulation in terms of Nambu brackets should be relevant for membrane dynamics [,,] . The Nambu bracket is the straight-forward generalisation of the Poisson bracket to a "three-product", {A, B, C} = ǫ ijk ∂ i A∂ j B∂ k C. In If one wishes to deform the Nambu bracket, abstract algebra may not give enough information on how to do this. One should think about the physical meaning of e.g. the FI, in order to know whether it should hold in the deformed case. Of course, if the Nambu bracket {A, B, X} is interpreted as a transformation with parameters A and B on X (threedimensional volume-preserving diffeomorphisms), the FI is necessary for the closure of the transformations to a Lie algebra. On the other hand, although the membrane action may be rewritten in terms of Nambu brackets, the symmetries of the membrane are full diffeomorphisms and not expressible in terms of Nambu brackets, which makes the situation somewhat unclear. An attempt to deform the Nambu bracket with a three-index θ fails, if one tries a naïve expansion in momenta (the same kind of deformation that deforms the Poisson bracket to a star commutator). Other methods have been devised, see e.g. ref. [] , which relies on factorisation of polynomials.
Our opinion is that in order to get further on this track, one would need some intuition concerning the physical meaning of a three-structure. A relaxation of some of the the identities [] would need to be motivated and replaced by some weaker identity, in order not to end up in a situation where, for example, it is no longer possible to realise "symmetries" infinitesimally as operators on a Hilbert space (unless one has clear reasons for this).
An inventory of other mathematical "three-structures" include e.g. Jordan triple products (with a defining identity which, in spite of different symmetry properties, can be written in a form identical to the FI of the Nambu bracket) and the 3-algebras of ref.
[]. It is not clear why either of these structures should be relevant to membranes, but at a purely mathematical level there are connections between these and the brackets of ref. [] .
The membrane "partons" lack some properties to make them independent particles in 11 dimension. Even if they move independently in the 9 transverse directions, there is only one collective momentum p + . On reduction to D = 10 matrix theory [] , and type IIA, so called "discrete light-cone quantisation" (DLCQ, which will not be discussed in detail here, see e.g. ref. [] ), they become D0-branes. In that process the size N of the matrices is proportional to p + . We now come to some serious questions concerning the physical interpretation of the truncated theory in 11 dimensions. Even if we have kept as much as possible of the algebraic structure of the theory, so that we are ensured that any linearly realised symmetry of the original theory will pertain, some symmetries are non-linearly realised in light-cone gauge. This happens especially for for the dynamical generators p − and j −I of the Poincaré algebra and half of the supersymmetry generators.
Several authors have investigated the Poincaré invariance of the truncated supermembrane, with the conclusion that it is broken by the truncation, but recovered in the N → ∞ limit. This should not be surprising: it does not seem reasonable to expect such a symmetry in an interacting theory when particle number is restricted (remember that the dynamical generators are exactly the ones that transform out of the initial value surface). The identification of p + with particle number in the DLCQ procedure also indicates this. The relation between N and the non-commutativity parameter θ then seems to indicate that if there is a covariant version of matrix theory, one should allow θ to transform. This would be possible if it happens after the deformation, but before the truncation. We think that another advantage of the two-step consistent truncation procedure may be that it allows this kind of line of thought.
One could discuss at length whether such an attempt would be successful. For example, θ is a scalar from target space point of view, so its introduction might still be consistent with Poincaré symmetry. Also, from a world-volume perspective, introduction of non-commutativity does not break rotational symmetry, but deforms it (see the talk by P. Kulish at this conference [] ). Probably, only a direct construction of the dynamical generators, or a proof of the impossibility thereof will settle the question. Work in this direction is under way. Here we would only like to mention that the replacement of APD's by gauge transformations may give a clue. Namely, if we still expect the remaining gauge symmetry to arise as an integrability condition on X − , we are lead to another expression for X − involving a superposition of different values of θ,
which is easily verified by noting that differentiating with respect to θ brings down two derivatives. Whether insertion of this new relation, together with other suitable modifications, may lead to Lorentz covariance remains to be seen.
